The paper deals with logically definable families of sets (or point-sets) of rational numbers. In particular we are interested whether the families definable over the real line with a unary predicate for the rationals are definable over the rational order alone. Let ´ µ and ´ µ range over formulas in the first-order monadic language of order.
Introduction
We consider the monadic second-order theory of linear order. For the sake of brevity, linearly ordered sets will be called chains. Let be a chain. A formula ´Øµ with one free individual variable Ø defines a point-set on which contains exactly the points of A that satisfy ´Øµ. As usual we identify a subset of with its characteristic predicate and we will say that such a formula defines a predicate on .
More generally, a formula ´ µ with one free monadic predicate variable defines the set of those predicates (or the family of those point-sets) on that satisfy ´ µ. This family is said to be definable by ´ µ in The second kind of definability is more general because a set can be adequately represented by the family Ý Ý ¾ .
Suppose that is a subchain of . With a formula ´ µ we associate the following family of point-sets (or set of predicates) È È and ´È µ holds in on This family is said to be definable by in with in the background. Note that in such a definition bound individual (respectively predicate) variables of range over (respectively over subsets of B). Hence, it is reasonable to expect that the presence of a background chain allows one to define point sets (or families of point-sets ) on which are not definable inside .
In [3] we proved THEOREM 1.1 For any closed subset of the reals, a family of point-sets is definable in a subchain of the reals if and only if it is definable in with the chain of the reals in the background.
In fact, we proved a somewhat stronger theorem, namely, there is a uniform way to translate a definition (in the closed subchains of the reals) with the reals in the background into a definition without a background. On the other hand, it was shown in [3] THEOREM 1. 2 There exists an open subset of the reals and a family of point-sets which is definable in with the reals in the background and is not definable in .
Note that the notions of 'definable family of point sets' and 'definable family of point sets with a background' can be naturally adopted to the first-order and other languages. For example, let È be unary predicate names and let (respectively ) be first-order sentence . Analysing the proofs in [3] one can see that Theorems 1.1 and 1.2 also hold when 'definable' is replaced by 'first-order definable'.
We were unable to resolve the following
Problem:
Is it true that a family of point-sets is definable in the chain É of rationals if and only if it is definable in É with the chain of reals in the background?
We have not solved the problem, but have some related results. We prove the following theorem.
There is a family of point sets which is first-order definable in É with the chain of reals in the background and is not first-order definable in É.
Then we consider the weak interpretation of monadic language of order. Under this interpretation the bound monadic variables range over finite subsets.
We prove that Theorem 1.3 holds when 'first-order definable' is replaced by 'definable in weak monadic logic', i.e.
THEOREM 1.4
There is a family of point sets which is definable by a formula of weak monadic logic in É with the chain of reals in the background and is not definable by a formula of weak monadic logic in É.
Finally, we consider the interpretation of monadic logic in which bound variables range over the open subsets of the chain. We show that under this interpretation definability in É is the same as definability in É with the chain of reals in the background. The paper is organized as follows: in Section 2 we fix notations and recall some well-known theorems. Section 3 and Section 4 deal with definability in first-order monadic logic and weak monadic logic. Some of the results here are of independent interest. In Section 5 we consider the interpretations of monadic logic in which bound variables range over the open and closed subsets.
Preliminaries
Notation We use Ð Ñ Ò for natural numbers; É for the set of rational numbers, R for the set of reals, for the set of integers, AE for the set of natural numbers; É · for non-negative rational numbers and R · for non-negative reals. We use standard notation for ordinals, e.g.
is the order type of natural numbers, £ is the order type of negative integers, is the order type of lexicographically ordered -tuples of natural numbers. As usual in set theory, a natural number Ò can be viewed as a linear order, namely the initial segment´ ¼ Ò ½ µ of the standard ordering of natural numbers. Let 
iff
½ and ¾ , or and .
3.
It is clear that if ½ and ¾ are linear orders on ½ and ¾ respectively, then is a linear order on .
Let be the signature as above and let ½ be a structure for and let be a chain. The structure ½ ¢ for is defined as follows:
It is clear that the operations · and ¢ are associative, when, as usual, one does not distinguish between isomorphic structures. We use for the satisfaction relation between structures and formulas. We use Û for the satisfaction relations between structures and monadic formulas when bound monadic variables range over the finite subsets of the structures. We use Ò for the indiscernability by first order formulas of quantifier rank Ò.
We use Ò for indiscernability [2] . by the Ò-round Ehrenfeucht games appropriate for the weak monadic second-order logic [2] . For reader's convenience we recall the definition of those games.
The playing board is composed of two structures ½ and ¾ of the same signature. Given Let be a chain and be elements of . We use´ µ for the subchain of which consists of all elements between and ; we use´ ½ µ (respectively´ ½µ) for the subchain which consists of all elements which are less than (respectively greater than ). Similar notation is used for the closed and for half open intervals of . The following lemma is well known and easy to check (see [4] for similar lemmas).
3 Definability in monadic first-order logic of order PROOF. We will prove that (2)). Contradiction.
LEMMA 3.5
There is a sentence in the language of first-order logic of order with additional unary relations È É such that Ê É È iff È is a subset of the set É of rationals and there exists an irrational number « such that for all Õ ½ « Õ ¾ there are points of È both iń Õ ½ «µ and´« Õ ¾ µ.
PROOF. Immediate.
Finally, Theorem 1.3 follows from Lemma 3.5 and Corollary 3.4. Indeed, the family of all point-sets È which have an irrational number « both as its left and right limit point is not definable in the set É of rationals, but is definable in É with the reals in the background. There is a family of point sets which is definable in É with the chain of reals in the background by a weak monadic formula and is not definable in É by a weak monadic formula.
Open and closed sets interpretations of monadic second-order language
Let be a linear order. An interval Â of is said to be open if (1) ×ÙÔ´Âµ either does not exist or it exists, but does not belong to J and (2) the same for Ò .
A subset of is said to be open if it is the union of a family of disjoint open intervals. We will be interested in the chain of reals and the chain of rationals; on these chains the above definition of an open set is equivalent to the standard topological definition. A subset Ç of is said to be perforated if it is open and for any two distinct maximal intervals Á and Â in Ç there is a non-empty open interval À such that all the points of À are between the points of Á and the points of Â. Every equivalence class of Ë £ is a set of intervals. These intervals are naturally ordered.
This order is either finite or else has one of the following order types: or £ or . In each of these cases, the order of intervals is isomorphic to a contiguous segment of integers. Fix such an isomorphism . Call a member Á of odd (respectively even) if so is the number ´Áµ. Let È ½ be the union of all odd intervals (in all equivalence classes of Ë £ ), and let È ¾ be the union of all even intervals. It is clear that
First, we consider two interpretations of the language of monadic second-order logic: in the first one, the bound monadic variables range over open sets; in the second one, the bound monadic variables range over perforated sets; free monadic variables are interpreted as arbitrary sets. We use ÓÔ Ò and perf for the satisfaction relation under the first and the second interpretations respectively. For the second reduction we introduce canonical formulas and show that every monadic formula under the perforated sets interpretation in some sense is equivalent to a canonical formula.
Below we use variables Í which always range over sets of the form ¾ R « where « is irrational ; these variables will be always bound.
We use variables Ç to range over perforated sets; they might be bound or free.
will range over arbitrary subsets of rational numbers; are always free.
Variables Ú will range over the rational numbers and they always will be bound; Ø will range over the reals and they always will be free.
ÓÒØ Ò×´Ç Íµ is interpreted as 'perforated set Ç contains the infimum (in R) of Í'. The formula Í Í is interpreted as the infimum of Í is less than the infimum of Í . The formula Ø Í is interpreted as Ø is less than the infimum of Í. ( ÓÒØ Ò× and are predicates over the set variables.)
É is a unary predicate name interpreted as the set of rational numbers.
Consider the formulas constructed from 
PROOF. The proof proceeds by induction on formulas. The only non-trivial case is the quantification over the individual variables. So assume that we know how to construct ØÖ LEMMA 5.4
Let ´É ½ Ò µ be a formula (without free individual variables and free perforated set variables). There exists a formula ´ ½ Ò µ in the language of monadic secondorder logic of order such that for all Note also that in all individual variables range over É, because is a canonical formula without free individual variables. Therefore, can be constructed as follows: replace in 
